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ABSTRACT 


In  this  paper,  we  obtain  some  linear  as  well  as  nonlinear  retarded  integral  inequalities  which  can  be  used  also  tools 
in  certain  applications. 
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1.  INTRODUCTION 

Integral  inequalities  play  an  important  role  in  the  qualitative  analysis  of  differential  and  integral  equations.  Many 
retarded  inequalities  have  been  discovered  [1-12]. Very  recently  Rashid  in  [12],  obtained  some  new  integral  inequalities  in 
one  variables.  In  this  paper  we  establish  some  new  retarded  integral  inequalities,  which  generalize  the  main  results  of  [12] 
which  can  be  used  as  tools  in  the  theory  of  differential  equation  with  time  delays  which  provide  explicit  bounds  on 


unknown  functions. 


2.  MAIN  RESULTS 


In  what  follows,  R denotes  the  set  of  real  numbers,  R+  = [0,  °°),  K = (0,  °°),  J = [a,  b]  are  given  subsets  of  R. 

Let  A = J x J.  C (J,  R+)  denotes  the  set  of  all  continuous  functions  from  J into  R+  and  C1  (J,  J)  denotes  the  set  of  all 
continuous  differentiable  function  from  J into  J. 


Theorem  1:  Let  ueC  (J,  R+),  g,  h,  8,  g,  8,  h Ce  (A,  R+)  and  f e C (J,  R+),  a s C1  (J,  J)  be  non-decreasing  with  a (t) 
< t on  J.  If  the  inequality 


(2.1) 


a 


a 


holds,  then 


u(t)<f(t)  + exp  [G  (t)  + H (t)] 


(2.2) 


where 


(2.3) 


a 


(2.4) 


a 


Proof:  Since  f (t)  is  positive  and  non-decreasing  (2.1)  can  rewrite  as 
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u(t) 

f(t) 


ait) 


< 1 + 


J g (t,s)  f(s)  ds  + | h( t,  s)f(s)ds 


u(t) 

Let  r(t)  = then 

f(t) 


a(t) 


■ (t)  < 1 + j"g  (t,s)  r (s)  ds  + | h (t,  s)  r (s) 


ds 


Define  a function  z (t)  by  the  right-hand  side  of  (2.5)  then  we  have 


«(0 


ds 


z (t)  = 1 + | g (t,s)  r (s)  ds  + | h (t,  s)  r (s) 

a a 

and  r (t)  < z (t),  z (a)  = 1 
Differentiating  (2.6)  with  respect  to  t,  we  get 

(0 

z (t)  = g (t,t)  r(t)  + | dt  g(t,s)  r(s)  ds  + h (t,  a(t))  r (a  (t)  a'  (t)  + J dt  h(t,s)  r(s)  ds 

a 

using  (2.7)  we  have, 

t 

z (t)  < g(t,t)  z(t)  + Jdr  g(t,s)  z(s)  ds  + h (t,  a(t))  z (a  (t)  a'(t)  + | dr  h(t,s)  r(s)  ds 


ait) 


ait) 


t ait) 

z (t)  < z (t)  (g(t,t)  + J 3,  g(t,s)  ds  + h (t,  a(t))  a'  (t)  + | d,  h(t,s)  ds} 

a C 


zx o<  xL 

z{t)  - dt 


d_ 

dt 


f ait)  N 

I | h(t,s)ds 


V « J 


Integrating  above  inequality  from  a to  t,  we  get 


z (t)  < exp 


t t 

Jg(t,s)ds  + Jh(t,s)ds 

a a 


So 

z (t)  < exp  [G  (t)  + H (t)] 

where  G (t)  and  H (t)  are  defined  by  (2.3)  and  (2.4) 
As  r (t)  < z (t),  we  get 

r (t)  < exp  [G  (t)  + H (t)] 

Hence 


(2.5) 


(2.6) 

(2.7) 


(2.8) 


(2.9) 
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u(t)<f(t)  exp  [G  (t)  + H (t)]. 

Theorem  2:  Let  ueC  (J,  R+),  g,  h,  8t  g,  8t  h e C (A,  R+)  and  F e C (J,  R+),  a e C1  (J,  J)  be  non-decreasing  with 
a (t)  < t on  J and  p > 1 is  a constant.  If  the  inequality 


a(t) 


up  (t)  < fP  (t)  + Jg  (t,s)  u(s)  ds  + | h (t,s)  u(s) 


ds 


(2.10) 


holds,  then 


u (t)  < f (t) 


where 


1 + 


"P-1" 

V P > 


[Q(t)+W(t>] 


i 

p-i 


(2.11) 


( 

Q (t)  = J f1P  (s)  g (t,  s) 


ds 


(2.12) 


and 


a(t) 


w 


(t)=  J fl  p (S)  h (t,  s) 


ds 


(2.13) 


Proof:  Since  f (t)  is  positive  and  non-decreasing  we  can  rewrite  (2.10)  as 


Up(t ) 

Tp V) 


< i + 


Jg(t,s)flp(s)-^ds  + | (t,s)  fl  p (s) 


a(t) 


u(s) 


ds 


(2.14) 


u(t ) 

Let  r (t)  = , then 

fit) 


a(t) 


' (t)  < 1 + Jg  (t,s)  fNP  (s)  r (s)  ds  + J (t,s)  f'"P  (s)  r (s) 


ds 


(2.15) 


Define  a function  z (t)  by  the  right-hand  side  of  (2.15)  then  we  have 


a(t) 


; (t)  = 1 + | g (t,s)  fI_p  (s)  r (s)  ds  + | h (t,s)  f1_p  (s)  r (s) 


ds 


Then  it  is  clear  that 
rP  (t)  < z (t),  z (a)  = 1 

Differentiating  (2.16)  with  respect  to  t,  we  get 


(2.16) 

(2.17) 


/ 

i (0  = g (t,t)  f1P  (0  r (t)  + Ja,  g (t,s)  f'-p  (s)  r(s)  ds  + h (a  (t),t)  fl  p (a  (t))  r (a  (t)) 
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ct(t) 


a 


(t)  + J 9,  h (t,s,)  f''P  (s)  r(s)  ds 

a 

Using  (2.17)  in  (2.18),  we  get, 

j_  * j_  j_ 

Z (t)  < g (t,t)  f'"p  (t)  zp  (t)  +|3f  g(t,s)  f''p  (s)  zp  (s)  + h (t,  a(t))  fl  p (a(t))  zp  (a(t))  a(t)  + J 3, 


a(i) 


Z (s)  ds 


Hence, 


a(0 


z'(t).  Z p (0  < g (t,t)  f1_p  (t)  + 13,  g(t,s)  f''p  (s)  ds  + h (t,  a(t))  f'"p  (a(t))  a(t)  + J dr  h(t,s)  f1_p  (s)  ds 


or 


dZ(t>  <~  f }g(t,s)f1-p(s)ds 


Zp(t) 


dt 


d_ 

dt 


'au > 


J h{t,s)f  P(s)ds 


Integrating  from  a to  t and  making  change  of  variable,  we  have 


P ^ P 


P-1  P 

Using  z (a)  = 1,  we  have  c > 0,  Hence 


t a(t) 

- < j"  g (t,s)  f1_p  (s)  ds  + | h (t,s)  f1_p  (s)  ds 


+ c 


z(t)< 


OR 


z(t)< 


1 + 


P-1' 


i 

, s)f l_P  (s)ds  + Jh(t,  s)f 1_P  (s)ds 


p 

p-i 


1 + 


P-1 


[Q(t)  + W(t)] 


p 

p-i 


Where  Q (t)  and  W (t)  are  defined  by  (2.12)  and  (2.13). 
Using  (2.17)  in  (2.22)  we  get. 


r (t)  < 


1 + 


f P-O 


v r J 


[Q(t)+ W(t)] 


1 

P-1 


SO 


(2.18) 


h(t,s)  fup  (s) 


(2.19) 


(2.20) 


(2.21) 


(2.22) 
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u (t)  < f (t) 


1 + 


(/  P - 1 ' 


v r / 


[Q(t)  + W(t)] 


1 

P-1 


Theorem  2.3:  Let  u e C (J,  R+),  g,  h,  8t  g,  8,  h e C (A,  R+)  and  f e C (J,  R+),  a e C1  (J,  J)  be  non-decreasing  with 


wu{t) 

a (t)  < t on  J.  For  i = 1,2,  let  \j/\  C (R+,  R+)  be  non-decreasing  function  with  \j/x  (u)  > 0 for  u > 0 and  — < \j/\ 


fit) 


If  the  inequality 

t t 

u (t)  < f (t)  + J g (t,s)  (u  (s))  ds  + | h (t,s)  y/2  (u(s)) 


ds 


Then  for  a < t < t, 

i)  in  case  y/x  (u)  < y/i  (u) 

u (t)  < f (t)  §2l  [<>2  (1)  + G (t)  + H (t)] 

ii)  in  case  i//2  (u)  < y/\  (u) 

u (t)  < f (t)  (j)!1  [^(1)  + G(t)  + H(t)] 

where  G (t)  and  H (t)  are  defined  by  (2.3)  and  (2.4)  and  for  i = 1 ,2  <tv'  are  the  inverse  functions  of 
ds 


c),  (r)  = { 


¥,(*) 


, r > 0,  r0  > 0 


and  ti  e J is  chosen  so  that  ()>!  (1)  + G (t)  + H (t)  e Dom  (c|)i"  ),  respectively,  for  all  t in  [a,ti] 
Proof:  Since  f (t)  is  positive  and  non-decreasing  we  can  restate  (2.23)  as 


u(t) 

W) 


< 1 + 


l 

| g (U) 


¥i(u(s)) 

f(s) 


a(t) 


ds  + 


j h (t,s) 


V2jujs)) 

fis) 


ds 


< 1 + 


i 

I g (t,s) 


Vi 


f , A 

u{s) 

v/(s)y 


a(t) 


ds  + 


J h (t,s) 


f , G 

u(s) 

v/(s)y 


ds 


nf) 

Let  r (t ) = . Hence,  we  have 

fit ) 


a(t) 


■ (t)  < 1 + Jg  (t,s)  i//\  (r  (s))  ds  + | h (t,s)  ^2(r  (s)) 


ds 


Define  z (t)  by  the  right-hand  side  of  (2.26),  we  have 


t a(r ) 

; (t)  = 1 + | g (t,s)  y/\  (r  (s))  ds  + | h (t,s)  y/2  (r  (s)) 


ds 


f ^ 

u(t) 

JJ)j 


(2.23) 


(2.24) 


(2.25) 


(2.26) 


(2.27) 
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Then  it  is  clear  that 
r (t)  < z (t),  z (a)  = 1 
Now, 


l 

(t)  = g (t,t)  y/\  (r  (t))  + 1 3,  g (t,s)  y/\  (r  (s))  ds  + h (t,  a (t))  a'  (t) 

a 

a(t) 

| 3,  h (t,s)  (r  (s))  ds 


<g 


(t,t)  y/\  (z  (t))  + 1 3f  g (t,s)  y/\  (z  (s))  ds  + h (t,  a (t))  i//2  (z  (t))  a'  (t) 


a(t) 


| 3,  h(t,s)  i/fi  (z  (s))  ds 

a 

In  case  (r  (t))  < y/2  (r  (t)),  we  have 

t t 

Z (t)  < 1^2  (Z  (t))  [g  (t,t)  + 1 3,  g (t,s)  ds  + h (t,a,(t))  a (t)  + |3,  h (t,s)  ds] 


z (t)<  (z  (0) 


there  fore 


, ( t \ A ( a(,)  ^ 

d r dr 

g(t,s)ds  H h(t,s)ds 

J " dt  J 

a / V a 


dt 


d z (t)  d 

~ <l»2(z(t))=  — — — = - 

dt  y/2(z.(t))  dt  I Ja 


\ f a(t) 

-y- 1 ^g(t,s)ds  +— | J h(t,s)ds 


Integrating  (2.29)  from  a to  t and  using  condition  z (a)  = 1,  we  get 


r a(t) 

<t>2(z  (t))=Jg(t,s)  ds  + | h (t,s)  ds  + (])2 (1) 


Hence 


a(t) 


; (t)  = ^2 ' [ J" g (t,s)  ds  + | h (t,s)  ds  + <j)2(l)] 


i.e.z(t)  = ^1[G(t)  + H(t)+^(l)] 

Using  (2.28)  in  (2.32),  we  get  the  desired  result.  Since  the  proof  of  case  (ii)  is  similar  to  case  (i)  we 


details. 


(2.28) 


(2.29) 

(2.30) 

(2.31) 

(2.32) 
omit  the 
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3.  APPLICATIONS 


In  this  section  we  present  application  of  the  inequality  in  Theorem  1 to  study  the  boundedness  of  the  solutions  of 
the  retarded  differential  equations. 

First  we  consider  the  functional  differential  equation 

x'(t)  = F (s,t,  x(t),  x(t  - h (t))  (3.1) 

with  initial  condition 

x(c)  = x0,  x>0  (3.2) 

where  FeC(JxJx  R2,R),  heC'(J,  R+)  such  that  t - h (t)  > 0,  h’  (t)  < 1 and  h (0)  = 0. 

The  following  theorem  deals  with  a bound  on  the  solution  of  the  problem  (3.1). 

Theorem  3.1:  Assume  that  F:  I x J x R2  — » R is  a continuous  function.  There  exists  continuous  function  g (s,t),  h (s,t)  for  s, 
t,  e J such  that 


max  1 


t e J 1 — h (t) 


IF  (s,t,u,v)l  < g (s,t)  lul  + h (s,t)  Ivl 
and  lx0l  < k where  k > 0 is  a constant  and  let  M = 

If  x (t)  is  any  solution  of  (3.1)  then 

f t a(t)_  > 

lx(t)l  < IxqI  exp  j"g(s,t)dt  + | h(s,x)dx 

la  a ) 

Proof:  The  solution  x (t)  of  the  problem  (3.1)  can  be  written  as 

t 

x(t)  = x0  + Jf(s,  o,  x (o),  x (o  - h (a)))  do 

a 

using  (3.2),  (3.3),  (3.4)  and  making  change  of  variables,  we  have 

t t 

lx(t)l  < IxqI  + Jg  (s,  o)  lx  (o)l  do  + J" h (s,  o)  (x  (o  - h (o)))  do 


(3.3) 

(3.4) 


(3.4) 


(3.5) 


t-h(t) 


; IxqI  + j"g  (s,  o)  lx  (o)l  do  + J h(x)lx(x)l 


dx 


(3.6) 


for  t e J where  h (x)  = M h (x  + h (o),  o,  x e J. 

Now  a suitable  application  of  the  inequality  in  Theorem  2.1  to  (3.6)  yields  the  results. 

CONCLUSIONS 

The  above  inequalities  can  be  extended  to  two  variable  case,  which  can  further  generalized  to  study  qualitative 
properties  of  partial  differential  equations. 
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